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1. Introduction
Let G = (V, E) be a simple undirected graph with vertex set V(G) = {v1, v2, · · · , vn}. For vi ∈ V ,
the degree of vi, written by di, is the number of edges incident with vi and let (d1, d2, · · · , dn) be
the degree sequence of G, where d1 ≤ d2 ≤ · · · ≤ dn. We use G to denote the complement of G. Let
Kn,n−1 = (X, Y; E) be a complete bipartite graphwith |X| = n and |Y | = n−1. DenotedKn,n−1+e the
bipartite graph obtained from Kn,n−1 by adding a pendent edge to one of vertices in X . Let G and H be
two disjoint graphs. The disjoint union of G andH, denoted G+H, is the graphwith vertex V(G)∪V(E)
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and edge set E(G) ∪ E(H). If G1 ∼= · · · ∼= Gk , we write kG1 for G1 + · · · + Gk . The join of G and H,
denoted G ∨ H, is the graph obtained from disjoint union of G and H by adding edges joining every
vertex of G to every vertex of H.
Let A(G) be the adjacency matrix of G and letµ1 ≥ µ2 ≥ · · · ≥ µn be the eigenvalues of A. When
G is connected, A(G) is irreducible and so by Perron–Frobenius Theorem,µ1 is simple. The eigenvalue
µ1 (also call the spectral radius of G) has received a great deal of attention (see, for example [1,5,7,9–
12,14,16,17]). In Section 2, we will give a sufficient condition for a bipartite graph to be Hamiltonian.
In section 3, wewill present a sufficient condition for a graph to be traceable. Other spectral conditions
for Hamiltonian cycles or Hamiltonian paths have been given in [3,6,8,13,15].
2. Spectral radius in Hamiltonian bipartite graphs
In this section, wewill consider the bipartite graphs.We first cite the following result about Hamil-
tonian bipartite graphs.
Lemma 2.1 [2]. Let G := G[X, Y; E] be a bipartite graph, where |X| = |Y | = n ≥ 2, with degree
sequence (d1, d2, · · · , d2n), where d1 ≤ d2 ≤ · · · ≤ d2n. Suppose that there is no integer k ≤ n/2 such
that dk ≤ k and dn ≤ n − k. Then G is Hamiltonian.
Lemma 2.2. Let G := G[X, Y; E] be a connected bipartite graph, where |X| = |Y | = n ≥ 2. If
|E(G)| ≥ n2 − n + 1,
then G is Hamiltonian unless G ∼= Kn,n−1 + e.
Proof. SupposeG is a connected non-Hamiltonian bipartite graphwith degree sequence (d1, d2, · · · ,
d2n), where d1 ≤ d2 ≤ · · · ≤ d2n and n ≥ 2. By Lemma 2.1, there is k ≤ n/2 such that dk ≤ k and
dn ≤ n − k. Thus
|E(G)| = 1
2
2n∑
i=1
di ≤ k
2 + (n − k)2 + n2
2
= n2 − n + 1 − (k − 1)(n − k − 1)
≤ n2 − n + 1. (1)
Since |E(G)| ≥ n2 − n+ 1,we have |E(G)| = n2 − n+ 1. Then all inequalities in the above argument
should be equalities. From (1) and k ≤ n/2, we have k = 1. That is, G is a bipartite graph of size
n2 − n+1with d1 = 1, d2 = · · · = dn = n−1 and dn+1 = · · · = d2n = n. Thus G ∼= Kn,n−1 + e. 
Lemma 2.3 [4]. Let G := G[X, Y; E] be a bipartite graph, where |X| = |Y | = n ≥ 2. If
d(x) + d(y) ≥ n + 1
for every pair of nonadjacent vertices x ∈ X and y ∈ Y, then G is Hamiltonian.
LetG := G[X, Y; E]beabipartite graph,where |X| = |Y | = n ≥ 2. Perform the followingoperation
on G: if there are two nonadjacent vertices x ∈ X and y ∈ Y with dG(x)+ dG(y) ≥ n+ 1, add the edge
xy to E(G). The closure ofG is the graph obtained fromG by successively applying this operation as long
as possible. Then the closure of G is well defined and we have the following result from Lemma 2.3.
Theorem 2.4 [4]. Let G := G[X, Y; E] be a bipartite graph, where |X| = |Y | = n ≥ 2. Then G is
Hamiltonian if and only if its closure is Hamiltonian.
LetG := G[X, Y; E] be a bipartite graph.We construct a newbipartite graphG∗ = [X, Y; E′], which
called the quasi-complement of G, from G as follows: V(G∗) = V(G) and for x ∈ X , y ∈ Y , xy ∈ E(G∗) if
and only if xy 
∈ E(G). Then we have the following result. The main idea of the proof comes from [6].
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Theorem 2.5. Let G := G[X, Y; E] be a bipartite graph and G∗ the quasi-complement of G, where |X| =
|Y | = n ≥ 2. Let µ(G∗) be the spectral radius of G∗. If
µ(G∗) ≤ √n − 1,
then G is Hamiltonian unless G ∼= Kn,n−1 + e.
Proof. For short, denoted H the closure of G and H∗ the quasi-complement of H. Suppose G is non-
Hamiltonian. ThenH is non-Hamiltonian fromTheorem2.4. By the construction ofH, dH(x)+dH(y) ≤
n for every pair of nonadjacent vertices x ∈ X and y ∈ Y . Thus
dH∗(x) + dH∗(y) = n − dH(x) + n − dH(y) ≥ n
for every edge xy ∈ E(H∗). So
∑
xy∈E(H∗)
(dH∗(x) + dH∗(y)) ≥ n|E(H∗)|.
On the other hand,
∑
v∈V(H)
d2H∗(v) =
∑
xy∈E(H∗)
(dH∗(x) + dH∗(y)) ≥ n|E(H∗)|.
Using the inequality of Hofmeister [9], we have
nµ2(H∗) ≥ ∑
v∈V(H)
d2H∗(v) ≥ n|E(H∗)|.
Since H∗ ⊆ G∗,
µ(H∗) ≤ µ(G∗) ≤ √n − 1.
Thus
n(n − 1) ≥ nµ2(H∗) ≥ n|E(H∗)|,
which implies |E(H∗)| ≤ n − 1. Hence
|E(H)| = n2 − |E(H∗)| ≥ n2 − n + 1.
Since H is non-Hamiltonian, we have G ∼= Kn,n−1 + e from Lemma 2.2. If G = H, we are done, so we
can assume that G is a proper subgraph of H. Thus G∗ contains a connected proper subgraph K1,n−1.
By the Perron-Frobenius theorem, we have
µ(G∗) > µ(K1,n−1) =
√
n − 1,
a contradiction. 
From Theorem 2.5, we easily have the following corollary.
Corolary 2.6. Let G := G[X, Y; E] be a 2-connected bipartite graph, where |X| = |Y | = n ≥ 2. Let
µ(G∗) be the spectral radius of G∗. If
µ(G∗) ≤ √n − 1,
then G is Hamiltonian.
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3. Spectral radius in traceable graphs
A sufficient conditions for a graph to be traceable in terms of its vertex degree was given in [2].
Theorem 3.1 [2]. Let G be a nontrivial graph with degree sequence (d1, d2, · · · , dn), where d1 ≤ d2 ≤· · · ≤ dn and n ≥ 4. Suppose that there is no integer k < (n + 1)/2 such that dk ≤ k − 1 and
dn−k+1 ≤ n − k − 1. Then G is traceable.
By Theorem 3.1, we have the following result.
Lemma 3.2. Let G be a connected graph of order n ≥ 4. If
|E(G)| ≥ (n − 2)(n − 3)
2
+ 2,
then G is traceable unless G ∼= K1 ∨ (Kn−3 + 2K1), or K2 ∨ (3K1 + K2), or K4 ∨ (6K1).
Proof. Suppose that G is a non-traceable graph with degree sequence (d1, d2, · · · , dn), where d1 ≤
d2 ≤ · · · ≤ dn andn ≥ 4.ByTheorem3.1, there isk < n+12 such thatdk ≤ k−1anddn−k+1 ≤ n−k−1.
Since G is connected, k ≥ 2. Thus
|E(G)| = 1
2
n∑
i=1
di
≤ 1
2
(k(k − 1) + (n − 2k + 1)(n − k − 1) + (k − 1)(n − 1)) (2)
= (n − 2)(n − 3)
2
+ 2 − (k − 2)(2n − 3k − 5)
2
≤ (n − 2)(n − 3)
2
+ 2. (3)
Since |E(G)| ≥ (n−2)(n−3)
2
+ 2, |E(G)| = (n−2)(n−3)
2
+ 2. Then all inequalities in the above argument
should be equalities. From (3), we have k = 2 or 2n = 3k + 5. If k = 2, then G is a graph with
d1 = d2 = 1, d3 = · · · = dn−1 = n − 3 and dn = n − 1, which implies G ∼= K1 ∨ (Kn−3 + 2K1). If
2n = 3k + 5, then n ≤ 10 as k < (n + 1)/2, and hence n = 7, k = 3, or n = 10, k = 5. By (2), G is a
graph of order 7 with d1 = d2 = d3 = 2, d4 = d5 = 3, d6 = d7 = 6, or G is a graph of order 10 with
d1 = · · · = d6 = 4, d7 = · · · = d10 = 9, which implies G ∼= K2 ∨ (3K1 + K2), or G ∼= K4 ∨ (6K1). 
Theorem 3.3 [10]. Let G be a connected graph of order n. Then
µ1 ≤
√
2|E(G)| − n + 1
and the equality holds if and only if G ∼= Kn or G ∼= K1,n−1.
Now we have the following theorem.
Theorem 3.4. Let G be a connected graph of order n ≥ 5. If
µ1 ≥
√
(n − 3)2 + 2, (4)
then G is traceable.
Proof. By Theorem 3.3 and (4), we have
2|E(G)| ≥ µ21 + n − 1 ≥ (n − 3)2 + 2 + n − 1 = (n − 2)(n − 3) + 4. (5)
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Suppose that G is non-traceable. Then by Lemma 3.2 and (5), G ∼= K1 ∨ (Kn−3 + 2K1), or G ∼=
K2 ∨ (3K1 + K2), or G ∼= K4 ∨ (6K1).
If G ∼= K1 ∨ (Kn−3 + 2K1), we let X = (x1, x2 . . . , xn)t be the eigenvector corresponding toµ1(G),
where xi (1 ≤ i ≤ 2) corresponds to the vertex of degree 1, xi (3 ≤ i ≤ n − 1) corresponds to the
vertex of degree n − 3 and xn corresponds to the vertex of degree n − 1. Then by µ1X = A(G)X , we
have ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
x1 = x2, x3 = · · · = xn−1,
xn = µ1x1,
xn + (n − 4)x3 = µ1x3,
2x1 + (n − 3)x3 = µ1xn.
Thus
µ31 − (n − 4)µ21 − (n − 1)µ1 + 2(n − 4) = 0.
Let f (x) = x3 − (n − 4)x2 − (n − 1)x + 2(n − 4). Then
f (
√
(n − 3)2 + 2) = (n − 3)(n − 4)
[√
(n − 3)2 + 2 − (n − 3)
]
> 0
for n ≥ 5, which implies µ1(G) <
√
(n − 3)2 + 2. If G ∼= K2 ∨ (3K1 + K2), then µ1(G) = 3.9095 <√
18 =
√
(7 − 3)2 + 2. If G ∼= K4 ∨ (6K1), then µ1(G) = 6.6234 <
√
51 =
√
(10 − 3)2 + 2. Thus,
in either case, we have a contradiction. 
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